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Abstract: We propose a refinement of the Gaberdiel-Gopakumar duality conjecture be- 
tween Wn conformal field theories and 2+1-dimensional higher spin gravity. We make an 
identification of generic representations of the Wm CFT in the semiclassical limit with bulk 
configurations. By studying the spectrum of the semiclassical limit of the Wn theories and 
mapping to solutions of Euclidean Vasiliev gravity at A = —N, we propose that the 'light 
states' of the Wn minimal models in the 't Hooft limit map not to the conical defects 
of the Vasiliev theory, but rather to bound states of perturbative scalar fields with these 
defects. Evidence for this identification comes from comparing charges and from holo- 
graphic relations between CFT null states and bulk symmetries. We also make progress in 
understanding the coupling of scalar matter to sl{N) gauge fields. 
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1 Introduction 

Holographic duality involving higher spin gravity appears to be a viable route toward 
understanding quantum gravity and the strong form of the AdS/CFT correspondence. 
Because computations can often be done on both sides at fixed values of the couplings, 
it is reasonable to seek fully soluble instances of duality. In the case of 3+1-dimensional 
higher spin gravity, this has recently been realized for free boundary field theories [1, 2]; one 
would of course hope to say the same of an interacting field theory, and perhaps one with 
tangible connections to string theory. There is already promise that this can be done in 
the AdS4/CFT3 context [3, 4], and that higher spin gravity itself can be extended beyond 
the current paradigm. 

To this end, there has been recent movement toward understanding the space of confor- 
mal field theories with at least an approximate higher spin symmetry (in the sense of [5]) . 
In 1+1 dimensions, where the conformal symmetry is infinite-dimensional and interacting 
field theory realizations abound, this may be an especially rich pursuit. The most well 
understood example of this kind plays a central role in the specific proposal of Gaberdiel 
and Gopakumar [6, 7] - on which we will focus in this paper - which conjectures a duality 
between a 't Hooft limit of a certain class of minimal model CFTs and the 2+1-dimensional 
higher spin gravity theory of Vasiliev and collaborators. This field theory is (generically) 
interacting and has higher spin symmetry; its elegance derives in part from the fact that it 
possesses one current at each integer spin s > 2, and as such contains the minimal (albeit 
infinite-dimensional) field content needed to make sense of a possible higher spin duality. 

Specifically, [6] proposed to study the minimal models, which can be realized as 
the coset 

SU{N)k0SU{N)i 

These theories are unitary generalizations of the Virasoro minimal models {N = 2), with 
central charge 

Taking a 't Hooft limit in which N,k ^ oo with 't Hooft coupling A = N/{N+k) held fixed, 
the conjecture is that the limit theory is dual to 2+1-dimensional Vasiliev gravity based on 
gauge algebra hs[A] with a single complex scalar field [8]. Its backbone has been supported 
by a diversity of computations. Among the quantities that have been matched between 
bulk and boundary in the 't Hooft limit are the partition functions [9, 10]; three-point 
correlators between scalars and higher spin currents [11-13]; a generalized Cardy formula 
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to include higher spin charges in the presence of a spin-3 chemical potential [14, 15]; and 
large factorization of correlators [16, 17]. 

Perhaps most convincingly of all, given the central role of symmetry in the AdS3/CFT2 
correspondence, the asymptotic symmetry of the bulk theory [18-20] known as Woo [A] has 
recently been proven to match the symmetry of the coset in the 't Hooft limit [7] . This is 
due to a 'triality' of the quantum Tyoo[/^] symmetry of the coset (1.1) at finite c, which is 
an isomorphism of algebras for three distinct values of n . (This can also be understood 
heuristically as a generalized level-rank duality of the coset.) For the values of // relevant 
to the holographic duality, the triality tells us that the quantum symmetries of bulk and 
boundary agree, and hence the duality at finite N and k should make sense. 

There is another large c limit we can take on the CFT side - following [7], we call 
this the 'semiclassical limit' - in which one holds fixed and takes k such that c becomes 
large. The theory retains Wn symmetry but becomes non-unitary: for example, conformal 
weights become negative. Given the discovery of the full quantum VFoo[m] algebra of [7] 
which exists at continuous values of c, one can track a given representation of the theory 
as one takes c large in either fashion described above. The behavior of the representations 
in the semiclassical limit can distinguish between perturbative (charges of order c^) and 
solitonic quanta (charges of order c); this provides an 'analytic continuation in c' of the 
minimal model representations. 

In H-l-dimensional CFT, large central charge c implies the existence of a classical 
gravity dual. The aforementioned triality implies that the dual theory to the semiclassical 
limit of the CFT is the Vasiliev theory at A = — A^, the Euclidean version of which, as 
we elaborate upon in what follows, is a Chern-Simons theory with gauge algebra sl{N,C) 
coupled to matter consistently with higher spin gauge invariance. 

These ideas were utilized in [7] to modify the original proposal [6] and explain the 
presence of the so-called 'light states' of the 't Hooft limit of the minimal models, that 
is, a discretuum of states which have zero charge in the 't Hooft limit. Conical defect 
solutions of the sl{N,C) theory carrying 0(c) charges, constructed in [21], were proposed 
to be identified with the representations corresponding to the light states, but now in the 
semiclassical, rather than 't Hooft, limit. This analytic continuation was argued to give 
an indirect bulk description of the light states, in a different region of parameter space. A 
review of this story is given in [22]. 

Such an identification was based largely on matching the charges of conical defects with 
those of the light states. In this work we will modify this proposal by taking a closer look 
at the spectrum in the semiclassical limit, studying the symmetries of the conical defect 
solutions, and constructing bound state solutions of scalars and defects in the Vasiliev 
theory at A = — A^. 

Our findings are based on the following two main points, where for conciseness we 
borrow the familiar notation for Wn representations which we explain in section 2: 

1. To leading order in c the semiclassical limit, generic representations (A+, A^) have 
charges independent of A+. To distinguish among representations with different A+, one 
must examine the subleading 0{c^) pieces of the charges. 
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2. There is a direct map between classical symmetries of a given bulk solution and 
null vectors of the corresponding dual CFT representation. 

We propose that, in fact, the conical defects are dual not to the light states (A^, A^), 
but to the states (0,A~). A generic light state is dual to a bound state of perturbative 
scalar fields (where a single scalar is dual to (f,0) as in [7]) and the conical defect. For 
instance, the simplest light state (f,f) is the bound state of a perturbative scalar field with 
the conical defect dual to (0,f). This follows upon examining linearized scalar and higher 
spin fluctuations around the conical defect backgrounds, and mapping to the structure 
of null vectors in the representation (0,A~). This perspective is also encouraged by the 
(conjectural) form of the CFT partition function in the semiclassical limit, which can be 
written as a sum over saddles (0,A~) and their 1-loop fluctuations. By using counting 
arguments (rather than direct calculation), we compute the bulk 1-loop partition function 
and find agreement with the CFT, within the range of validity of our computation. 

In order to understand the scalar fluctuations, we needed to answer the prior question 
of what the physical content is of the linearized matter equations in the Vasiliev theory 
at A = — A^. For generic, i.e. non-integer, A, these equations are well understood and 
have been used to compute correlation functions and probe higher spin black holes. At 
A = ±A^, extra constraints arise on any scalar solutions. We argue that these constraints 
do not render the equations meaningless. Placing a scalar in both global and Poincare AdS, 
one finds that it is restricted to live in a finite-dimensional non-unitary representation of 
the sl{N, M) X sl{N, M) isometry of AdS. For N = 2, these results fall into the classification 
of bulk highest weight representations given in [23]. We suggest that this makes sense via 
holography: the dual Wn CFTs are non-unitary. Scalar fluctuations around conical defects 
support the above picture. 

In all, we make progress in both understanding this semiclassical duality on its own 
terms, and as it relates to subtle aspects of the duality proposal of Gaberdiel and Gopaku- 
mar. Our computations are largely on the level of comparing spectra, and one would hope 
that the duality is robust to more detailed inquiry. The results on scalars in the Vasiliev 
theory at A = itA^ will hopefully find application beyond the scope of this work. 

The remainder of the paper is organized as follows. Section 2 introduces the duality 
anew, lays out the CFT spectrum and partition function in the semiclassical limit and 
sets the stage for a detailed investigation of our proposal. In section 3, we establish the 
proper symmetry algebra organizing non-perturbative representations (A"'",A~) and give 
expressions for null states which we will later match to symmetries of conical surpluses. 
Section 4 moves into the bulk, where we demonstrate in AdS that Vasiliev theory at 
A = ibA^ admits certain scalar solutions that furnish non-unitary representations of the 
background isometry algebra. In sections 5 and 6, we put the pieces together by matching 
bulk solutions to boundary representations and computing the 1-loop partition function 
in the bulk. Section 7 concludes with a discussion. A series of appendices follows with 
supplements to various computations in the main text; we wish to point out Appendix D 
in particular, which gives details on the CFT representations (/, 0) and (0, /) on which we 
will focus frequently. 
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2 Large c limits of Wn conformal field theories 



We first set the stage by giving a basic description, mostly in words, of tlie current sta- 
tus of tlie Gaberdiel-Gopakumar duality proposal between large c limits of Wn minimal 
models and Vasiliev gravity. This is a slightly expanded version of the explanation in the 
introduction. We then move onto the details. 

2.1 A brief history of the W]\j minimal model duality 

Consider a CFT with Wn symmetry, generated by conserved currents of spin s = 2, 3, . . . A^, 
and central charge c. We can choose to parameterize c as 

This is the so-called "minimal model parameterization" of the central charge: at the spe- 
cial values of c where A; is a positive integer, the algebra allows for unitary minimal 
representations, which are realized by coset CFTs of the form 

SUiN),0SUiN)^ 

These are the Wn minimal models, higher spin generalizations of the Virasoro minimal 
models which are simply the N = 2 theories above, and the subject of the original duality 
proposal of [6]. We will provide mathematical details of this construction in the next 
section; suffice it to say for now that the spectrum of minimal highest weight representations 
of Wn is labeled by two highest weights of su{N)k and su{N)k+i, denoted by (A+, A~), 
respectively. 

• Duality 1.0 

Specifically, [6] proposed to study a particular large c limit of the Wjy minimal model, 
namely a large N 't Hooft limit 

N 

N,k oo , X= fixed (2.3) 

k + N ^ ' 

In the limit, the central charge scales like 

c~Af(l-A2) (2.4) 

with < A < 1 and the theory remains unitary. This theory was conjectured to be dual 
to Vasiliev's theory of higher spin gravity, with gauge fields valued in the Lie algebra hs[A] 
coupled nonlinearly to two complex scalar fields each of mass m = -1 + A^. (For some 
details on hs[A], see references [13, 20], for instance.) 

The scalar fields were conjectured to be dual, in the 't Hooft limit, to the primaries (f,0) 
and (0,f) and their complex conjugates, where 'f denotes the fundamental representation. 
These primaries have conformal dimensions A_|_ = 1 + A and A_ = 1 — A, respectively, so 
the bulk scalars are quantized appropriately; indeed, the scalar mass is in the window for 
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alternative quantization to be an option. The (quantum) symmetries of bulk and boundary 
were recently proven to match: they are given by the infinite-dimensional algebra VFool/^]) 
the quantum version of which has a triality under which distinct algebras are isomorphic. 
For /i = A, the classical version of which is the asymptotic symmetry of the bulk theory 
[20], the algebra is isomorphic to the algebra at n = N, labeled Wj\f^k: which is that of the 
boundary CFT: 

WN,k = Wo.[X] (2.5) 

Because we are dealing with the quantum algebra, the isomorphism is valid for finite 
and k, including the 't Hooft regime in which both become large; this then explains the 
match of classical symmetries. Much more can be said about this proposal, and we point 
the reader to the recent, detailed review [22]. 

One uncomfortable aspect of this proposal was the existence of so-called 'light states' 
in the CFT, representations in which A+ = A^. These have vanishing charges and form a 
discretum in the 't Hooft limit, and decouple from all correlation functions strictly in the 
limit; however, the duality cannot account for them at finite A^, as the states are no longer 
decoupled, and the bulk Vasiliev theory does not have the required degrees of freedom 
[9, 11, 16] . 

• Duality 2.0 

The latest incarnation of this conjecture, put forth in [7], modifies the above picture. 
Given our knowledge of the full quantum Woo [^A algebra, one can take a diferent large c 
limit - the 'semiclassical' limit - in which N is held fixed and finite while c is taken to 
infinity. With the parameterization (2.1), note that for a given value of c there are two 
branches for k. These are related by triality of [7], and in what follows we will choose the 
branch 

(2.6) 

2 2V c-N + 1 ^ ' 

for which, in the limit of large c for fixed A^, k goes like 

k^-N-l + ^^^^ ~ + 0(l/c^) (2.7) 
c 

In the semiclassical limit, the representations of the algebra become non- unitary (e.g. 
conformal dimensions become negative) . These can be thought of as analytic continuations 
in c of the corresponding minimal model representations. The behavior of these representa- 
tions in the semiclassical limit can distinguish between perturbative and solitonic quanta. 
That is to say, the two distinct classical limits of the quantum algebra may a priori have 
different spectra. In particular, one finds that representations with A~ = become light 
in the semiclassical limit - with charges of 0{(P) - and those with A^ ^ become heavy, 
with charges of 0{c). This latter group includes both the (0,f) representation and the light 
states, which are no longer light in the semiclassical limit. 

Despite the non-unitarity of the semiclassical limit of the minimal models, large c 
implies the existence of a gravity dual. In particular, the aforementioned triality tells us 
that the Vasiliev theory with A = — has the correct symmetry. At A = — A^, an ideal 



-5- 



of hs[A] forms, and the Lie algebra becomes sl{N) upon factoring out this ideah thus, 
the gravity dual is the sl{N) Vasiliev theory^, describing a tower of higher spin fields 
s = 2, 3, . . . and its nonlinear, gauge invariant coupling to matter. 

The above discussion implies that representations (A+,A~) with 7^ should be 
identified, in the semiclassical limit, with classical backgrounds of the sl{N) theory, per- 
haps coupled to perturbative scalar quanta as dictated by A+. This identification then 
analytically continues back to the 't Hooft limit. In [21] a set of conical surplus solutions 
to the Euclidean sl{N,C) gravity theory were argued to lie in one-to-one correspondence 
with the representations (A^, A^) in the semiclassical limit, based on a nontrivial matching 
of charges to leading order in c. 

In the final proposal of [7], then, the dictionary for mapping CFT representations in 
the 't Hooft limit to bulk configurations was as follows: 

• The (f,0) representation, together with its complex conjugate (/,0), should remain 
dual to a single complex scalar of the bulk hs[A] theory, with standard quantization. 

• One then identifies the light states (A^, A^) with the analytic continuation of the 
conical surplus solutions of the sl{N) theory back to the unitary regime. Any other state 
(A"*" , A~ ) with A"*" 7^ A~ maps to the analytic continuation of a configuration of perturbative 
scalar s propagating on a given conical surplus background. 

Strictly in the 't Hooft limit, the original duality proposal needed no modification 
because the light states decouple; it is the consideration of what happens at finite 
which compels this change. While the quantum higher spin gravity theory has yet to 
be constructed, the expectation is that the spectrum undergoes some non-perturbative 
truncation of all spins s > N, and the above map between defects and light states continues 
to hold. 

It is this map between bulk solitons and CFT light states that we will modify in the 
present work. To do so, we must introduce the technology needed to describe representa- 
tions of the W]sf algebra, and then understand the consequences of the large c limit. The 
punchline is summarized in subsection 2.4. 

2.2 Maximally degenerate representations of Wn algebra 

The Wn algebra [24] (see [25, 26] for reviews and further references) is a nonlinear extension 
of the Virasoro algebra generated by the Virasoro generators Ln and the modes of the 
higher spin primaries, where s = 2, . . . , A^. Some of the commutation relations are given in 
Appendix A. The Wjsr algebra depends on a single parameter, the central charge c, which 
can be varied continuously. Even though we will mostly discuss a single holomorphic Wn 
algebra, we have in mind theories which also possess an antiholomorphic Wn symmetry 
with generators L„, W'^^, and all of our results apply equally to that sector. 

The representations we will be interested in are the irreducible highest weight repre- 
sentations of Wn- The usual construction of these representations proceeds in two steps. 

^The Lorentzian theory has two copies of s/(7V, R) as its symmetry algebra, while the Euclidean theory 
has one sl{N,C) algebra. When speaking in generalities, we will often refer simply to sl{N). 
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First one constructs a Verma module with highest weight vector \ws)- The highest weight 
vector or primary is annihilated by all positive modes of Wn and is an eigenvector of 
all zero modes with eigenvalues Ws- All other vectors of the Verma module are obtained 
by acting on \ws) with negative modes using only the commutation relations of the 
algebra. 

Depending on the choice of the central charge c and Wg charges, this representation 
may or may not be irreducible. The representation is reducible if it contains at least one 
null state, i.e. a state which is both descendant and primary. Such a null state is the 
highest weight of a Verma submodule whose states have vanishing BPZ inner product with 
all other states in the Verma module and can be consistently factored out. They represent 
a non-trivial relation between W]sr generators in the module that we can impose apart 
from the commutation relations. Factoring out all the Verma submodules leads us to an 
irreducible representation of Wn algebra. 

The representations appearing in the usual unitary Wn minimal models are such that 
the corresponding Verma modules are maximally degenerate. The corresponding primaries 
\ws) are labeled by two representations (A+, A^) of su{N)i. and su{N)k^i. For such repre- 
sentations, the Verma modules contain an infinite number of Verma submodules. For this 
to be possible, the central charge c must be equal to one of a discrete set of values bounded 
from above by iV — 1. 

Here we instead want to study representations of Wn at fixed and large (generic) 
c. This regime is most conveniently analyzed using a free field realization [27, 28]. It turns 
out that even in this regime the primaries labeled by two sl{N) representations (A+, A~) 
are maximally degenerate, i.e. they contain the maximal number of null vectors possible 
(for the fixed generic value of c). We will presently review these representations and their 
properties. 

In the following we represent sl{N) weight vectors as A^-dimensional vectors whose 
components sum to zero. The inner product^ (•, •) in weight space is the Euclidean inner 
product in M^. The highest weight corresponding to a Young tableau with rj boxes in the 
i-th row (and r^v = 0) has components 

Ai = n-^ z = l,...,N (2.8) 

where B is the number of boxes in the diagram. The Weyl vector p has components 

+ 1 

P^ = ^ i i = l,-..:N. (2.9) 

It will also be useful to define the vectors as 

n^=A^ + p. (2.10) 

^We hope it is clear from the context whether (A""", A~) stands for a representation or an inner product 
of weight vectors. 
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All the ll/'-cliarges of the highest weight state | A+, A ) are determined in terms of A"^ 
and A~. In particular, the conformal weight h = W2 is equal to 



^(A+,A-) 



1 



2{N + k){N + k + 1) 



{iN + k + 1)(A+ + p)-{N + k){A- +p)f- 



= C2(g) + ' (2.11) 
where we have introduced the power sums Cs{9) = Ylii^iY I ^ ^"^^ ^ is the vector 

e = a+ri^ + a-rr (2.12) 

i N+k+l 1 
^ \ N + k a+ ^ ' 

The spin 3 charge wz of the primary in the (A^ , A~ ) representation is given by 

«^3,{A+,A-) = (2.14) 

where the constant 7 in (2.14) normalizes the spin 3 modes as in (A.l).'^ This implies that 
Ws oc 7*~^; in addition, Wg is of 0{6^). 

2.2.1 Structure and characters of degenerate representations 

Let us now look have a closer look at the structure of irreducible representations parametrized 
by (A"*", A~) at generic values of c. We have two goals: we need to understand what are 
the independent null states in the corresponding Verma module and we want a formula for 
the character. 'Independent' null vectors have the property that all other null vectors are 
their descendants. 

First let us consider the vacuum representation. It corresponds to taking A^ = A^ = 
with all highest weight charges equal to zero, Ws = 0. This primary is annihilated not only 
by positive and zero modes of Wat generators, but also by some of the negative modes, 

T^f,|0) = j = l,...,s-l (2.15) 

This is an > 2 generalization of the global conformal invariance of the Virasoro vacuum 
state. As discussed in the previous section, these additional constraints in the irreducible 
module manifest themselves through the presence of null states in the |0) Verma module. 
In this example, one can show that there are no additional null states apart from those 
coming from (2.15). 

The spectrum of states in a highest weight representation is captured by the character 
ch = lh:q^°~^/'^^ . The character of a representation with conformal weight h which counts 
all the states in the Verma module is 



00 



ch, = Trv^g^o-/^^ = q^-^'^' J] m - ^3 )N-i (^.16) 



11 (1 _ q,)N-i 

i he explicit expression is 7 — — ■ ' - 



(iV-2)(3iV^ + (c-l)(iV+2)) ■ 
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where the trace runs over all Verma module states. For degenerate representations, this 
must be corrected due to the null states. For the vacuum representation, it is easy to see 
from (2.15) that this correction takes the form 

N s-1 

ch(o,o) = ch^=o X n 11(1 - q^) (2.17) 

s=2j=l 

N oo 



-c/24 



For general representations (A^,A~), the correction factor in (2.17) due to the null 
states is replaced by a more complicated polynomial which encodes the structure of the 
(A'^,A~) Verma module. For the regime of interest (large and generic c) this structure 
was worked out in [29], which we review and motivate using examples in Appendix E. 
One property that will play an important role in what follows is that every (A"'",A~) 
representation contains — 1 independent null vectors. These appear at levels 

(A+ - A++1 + 1)(AT -AJ^, + 1) , j = 1, . . . , AT - 1. (2.19) 

For the vacuum representation, the independent null vectors all appear at level one and 
are given by L_i |0) , W^-^ |0) , . . . , W^i^i |0). 

From these considerations, one can derive the character formula for general (A"*", A~) 
representations in the generic large c regime of interest [29]. The result is 

oo , 



j=l ^ ' w&W 

= J ^ g(^;)g 2(iV+fc)(Wfc + l) ((^+^ + l)"'(^^+P)-(^ + ^')(^~+P))' (2.20) 

where the sum runs over the Weyl group of the finite dimensional sl{N) algebra^. 

Now we turn to the partition function capturing the full spectrum of the CFT. The 
Wat minimal model CFTs which feature in the holographic duality proposal of [6] contain 
each maximally degenerate representation once, leading to the diagonal modular invariant 
partition function. In analogy to this, we will consider here a conformal field theory which 
contains each of the (A"'",A~) representations once, transforming in the same way under 
the holomorphic and antiholomorphic part of the symmetry algebra. This then constitutes 
our proposal for the continuation of the Wn minimal model CFTs to the large c regime. 
The partition function is given by the diagonal sum of the characters 

ZcFT = Tvq'^o-cm-Lo-cm 

= |cV+,A-)l'- (2-21) 

A+,A" 



*Note that for unitary minimal models - where c is given by (2.1) with k a positive integer - the 
character formula is different and it involves a sum over an affine Weyl group reflecting the fact that there 
are infinitely many additional null states. 
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Let us rewrite this result for later convenience. First we observe that, using the Weyl 
character formula, the character (2.20) can be rewritten as 



ch(A+,A-) = ch(o,A-) 9 ^ ^XA+(-2vrirn") (2.22 

where r is defined through q = e^'^*'^ and xa(^) is the finite sl{N) character evaluated on 
the weight vector h. 

We can write a more explicit expression for ch^g^A-) using the Weyl denominator for- 
mula: 

, e-(JV-l) 
o'^(0,A-) 24 ^ _ _ 

cVa-) = ^^Pv3^ n (2.23) 

i<«<i<Af 

The CFT partition function can then be rewritten as 

ZCFT = Yl (2.24) 
A- 

with 

JV+fc+l { r-.(r, + ) ^(^^-1) ^ 

^A- = |ch(o,A-)PE(^^") ^ " hxAA-^TTirn-r. (2.25) 

A+ 

In the 'semiclassical' large c approximation where we keep the terms up to order 1 in 
the g-exponents, this expression reduces to 

^ yjm^, n |i-."-^i^EixA.(-2.-n")p. 

I 'I l<i<j<N A+ 

(2.26) 

This is the expression we wish to compare with the semiclassical partition function in the 
bulk dual higher spin gravity theory. 

2.3 Perturbative and nonperturbative states at large c 

Because the quantum Wi\f algebra exists for continuous values of c, we can track its max- 
imally degenerate representations in the large c limit keeping A'^ fixed. For large c, the 
conformal weights and higher spin charges have a semiclassical expansion 

^.,(A+,A-) = <r-)C + ^;°(^+,A-) + 0{l/c). (2.27) 

Looking back at (2.7) and (2.13), we see that a+ ~ c^^^'^ and q- ~ c^/^ in the large c 
limit. This means that, for a given representation (A"^, A~), its charges Wg are independent 
of A"*" to leading order in c, as indicated in the above expression. We see this explicitly in 
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the behavior of spin 2 and spin 3 charges (2.11), (2.14) at large c: 
,(-1) _ C2{n-) 1 

V-)--Ar(iv2-l)+^ (2.28) 
, cn~) Coin") N — , ^ 



V2_ 

iV(iV2 _ 1)^4- A^2- 



^,(A-) = - .r..ro rr- ^Csin-) (2.30) 



If 



3,(A+,A ) Ar(Ar + i)(Ar + 2)^/4^1v2 ^ ^/4^1v2^^*^ ' ^ ' 



where we recall the definition = + p. 

As expected, the maximally degenerate representations have negative conformal weights 
in the large c limit (except for the vacuum representation) and are hence non-unitary. We 
also see from these expressions that the maximally degenerate representations fall into two 
classes with dramatically different large c behavior, which will correspondingly have rather 
different bulk interpretations as discussed in [7]. Representations of the type (A+,0) have 
(negative) energies of order one. In the standard AdS/CFT dictionary, such states are 
expected to correspond to perturbative single- and multiparticle states in the bulk theory 
expanded around the AdS background. On the other hand, the (A+,A^) representations 
with A~ nonzero have large (negative) energies of order c. These are not expected to 
correspond to perturbative bulk states: rather, they will correspond to classical gravity 
backgrounds, perhaps with perturbative excitations as dictated by A"*". 

Rewriting (2.28), (2.29) as 

^(A+,A-) = ^(o,A-) - (A+, n-) + 0{l/c) (2.32) 

and observing that ( A"*" ,n~) is always positive^ , we see that within a sector of fixed A~ 
the primary (0,A~) has the highest energy, while turning on A"*" produces a 'band' of 
closely spaced states with lower energy. The same goes for all higher spin charges. This is 
illustrated for the Virasoro {N = 2) maximally degenerate representations in figure 1. 

Another property which sets the (0, A~) primaries apart from the other (A^, A~) states 
is the behavior of their independent null states at large c. This is already evident in the 
simplest example of = 2: from (2.19), a general (A"'",A~) primary has a null state at 
level {r^ + l)(rj~ + 1) where are the numbers of boxes in the Young diagrams of A^.^ 
The large c behaviour of the null state is [31]: 

^-(,,-+1))'^^' + 0(l/c)) |A+, A-) (2.33) 

From (2.33) we see that this leading operator is linear only for the (0, A~) primaries. 
This property appears to hold for general N; for example, from (D.6) we see that the 

^This can be seen as follows: and n~ have positive coefficients when expanded in the basis of 
fundamental weights, and in sl{N) the inner product between any two fundamental weights is positive. 

® The standard notation (see e.g. [30]) for the degenerate Virasoro representations uses the labels (r, s) 
instead of our r^. These are related as r = rj~ + 1, s = rj^ + 1. 
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hjc 



Figure 1. Large c behavior of Virasoro (N = 2) maximally degenerate representations. The 
plot shows h/c as a function of c. The red lines (top in each band) are the first three (0,A~) 
representations (corresponding to Young diagrams with 0,1,2 boxes), while the blue lines denote 
the states (A+, A~) for the first four representations A+ (Young diagrams with 0, 1, 2, 3 boxes). 

independent null vectors of the (0, /) representation linearize for general N ^ while those 
of the (/, 0) representation do not. We should note that, since the states |A+,A~) have 
quantum numbers of order c in general, the neglected 0(l/c) part is crucial to show that 
the state is indeed annihilated by all positive modes. Nevertheless, we shall see that the 
leading part of the operator producing the null state displayed above has a clear counterpart 
in the bulk theory. 

Further examples of this linearization property for the = 3 case are given in table 
1 of Appendix D. We conjecture that this property of the (0, A~) independent null states 
holds for general N . It will be shown to reflect the fact that the associated bulk classical 
solution has additional symmetries. 

2.4 A modified duality proposal 

Having laid out some aspects of these representations in large c limit, we can address the 
main question at hand: which CFT representations map to which bulk configurations? 
In contrast to the proposal of [7] briefly outlined in subsection 2.1.2, we now make the 
following concrete conjecture. The (0, A~) states, and not the (A^,A^) states, correspond 
to the smooth conical solutions constructed in [21]. The energy of a general primary (2.11) 
can be written as 

^(A+,A-) = ^{A+,0) + ^(o,A-) - (A+, A~) (2.34) 

suggesting that a general primary (A+, A~) can be seen as a bound state of the solitonic 
solution (0,A~) and the perturbative excitation (A"'",0); similar statements can be made 
about all higher spin charges. 

This will be borne out by our bulk analysis. First, we will map the null states of the 
(0, A^) representations to symmetries of the surplus backgrounds. This is much in the spirit 
of [32-34] and, more generally, the role of gauge invariance in three-dimensional gravity. 
We will also map the 0{(P) pieces of the (A"*", A~) charges to zero mode eigenvalues of scalar 
fluctuations: as has been understood in the context of pure AdSs gravity [23], repeated 
action of bulk differential operators on solutions to the equations of motion generates entire 
representations of the background isometry algebra. 
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Our proposal is also suggested by the form of the CFT partition function (2.24), which 
has the form of a sum over saddle points (0,A~) and the fluctuations around them. It 
will be our goal below to explain these expressions from the bulk Vasiliev theory: we will 
argue that the sum over A~ corresponds to a sum over classical saddles - the conical 
surplus solutions - and the inclusion of the 1-loop determinant of scalar and higher spin 
fluctuations around each saddle will nearly reproduce the full 1-loop piece of Zy^- (2.26). 
These arguments are indirect - we have not been entirely rigorous in showing that (2.24) 
is indeed the large c partition function, nor will we derive it in the bulk directly - but 
suggestive nonetheless. 

For later reference, we record here the differences - at large c - in energy and spin 
3 charge between the primaries (/, A~) and (0, A~), which can easily be obtained from 



Before moving into the bulk, we establish the proper symmetry algebra which acts on 
the nonperturbative states. 

3 Structure of Wn representations at large c 

As was shown by Bowcock and Watts [35], the Wn algebras contain, in the large c limit, 
an sl{N) subalgebra which organizes the spectrum of perturbative states: each perturba- 
tive primary corresponds to an sl{N) highest weight and vice versa. This is the algebra 
generated by the modes in the 'wedge' |m| < s which annihilate the vacuum. Indeed, 
for these modes the central terms in their commutators vanish, while the nonlinear terms 
are suppressed at large c. We will illustrate this in more detail below. 

For the nonperturbative states, which have higher spin charges that are proportional to 
c, the zero mode generators should be viewed as being 'of order c' and the argument for the 
suppression of nonlinear terms in the commutators of the wedge modes fails. Nevertheless, 
we shall now argue that even for the nonperturbative states there is a set of generators 
which form an approximate sl{N) algebra at large c and which organize the spectrum of 
nonpertubative states. We will refer to these generators as 'twisted wedge' generators. 

First we introduce redefined generators which remain finite at large c when acting 
on a class of nonperturbative states. We fix a representation A~ and define renormalized 
generators W^' with shifted zero modes: 



Since the charges of all primaries ( A+ , A^ ) and their descendants have the same leading 
part as the (0, A~) primary, the new zero modes are finite acting on all states with A~ ^ 0. 
We have chosen the order one part of the renormalization such that the primary (0,A~) 
now has vanishing charges, anticipating that (0,A~) will play the role of the vacuum in 
the nonperturbative sector labeled by A~. 



(2.28), (2.30): 



W3,(f,A-) ~ ^3,(0,A-) 




(3.1) 
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In terms of the redefined generators, suppressing the subscripts {o,a-) foi' brevity, the 
first few commutation relations (A.l) become 

[L'm^ L'n] = {m- n)L'^^^ + (^^mim^ - 1) + 2m/i) 5m -n 
[L'm^ W'n] = {{s - l)m - n) PF'^+„ + SmWsSm~n 
[W'i, W'l] = 2{m - n)W't+,, + (m - n) (^(2^2 + 2n' - mn - 8) + ^^^h^ L; 



rn+n 



+ 



32 11 

+ ( — ^m(m'^ — l)(m'^ — 4) + 4mw4 H m{h'^ H — h) H m(5m^ — 8)h ] 5„ 

3-5! 5c + 22 5 15 



(3.2) 



We now take the large c limit appropriate for comparing with the classical theory in the 
bulk as advocated in [35]. This proceeds in two steps. We recall that, in terms of bulk 
quantities c ~ ^ where I is the AdS radius and G is Newton's constant. First we 'restore 
K by rescaling 

= hW?^ (3.3) 
c = he. (3.4) 

We now take the classical limit ^ — )• 0, keeping and c ~ ^ fixed, and replace the 
commutator by a Poisson bracket, 

^h-]^{-,-} (3.5) 

This yields what is known as the classical Wn algebra in which all terms arising from 
normal orderings have disappeared, but which still contains nonlinear terms multiplied by 
powers of 1/c. 

In the second step, we neglect the terms multiplied by powers of 1/c as is appropriate 
in the weak gravity regime where we look at scales small compared to c ~ Doing this 
we obtain a linear algebra containing central terms proportional to c: 



Lm,Ln^ = {m- n)L,n+n + (^^2^(171^ - 1) + 2m/i( c5m-n 

jZm, W'n} = ((s - l)m - n) Wm+n + SUlW^'^hdm-n 

{WL = 2(m - n)Wi+^ + (m - n) (^(2m2 + 2n^ - mn - 8) + ^^h'^'A L 



ni+n 

+ (s^^""' " ^^^""^ " + ^"^^"'^ + f (^^"'^)' + 3^(5"^' - 8)/i(-^)) nic5m,-n + OiXjc) 

(3.6) 

Note that in this limit the structure constants depend only on the leading part of the 
charges wl as defined in (2.27). 
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In the perturbative sector we have A~ = and hence the terms involving to wi are 
absent. We see from the above that in this case the central terms vanish for the wedge 
modes with \m\ < s which form a closed algebra in the limit [35] which we denote by 
sI{N)q. Note that the wedge modes are the modes which preserve the vacuum state |0). 

We will now argue that also in the nonperturbative sector labeled by A~, there are 
linear combinations of the generators which form, in the large c limit, a closed sl{N) algebra 
without central terms. We will denote this algebra by sl{N)/^-. As in the perturbative 
sector, the algebra is constructed from the leading part of the operators which preserve 
the primary |0,A~), in the sense that they produce a null state when acting on |0, A~). 
As we argued in section 2.3, these operators are indeed linear combinations of the Wn 
generators. The Wn primaries |0, A^) should then behave as highest weight states of this 
sl{N)f^- algebra upon taking the large c limit. Indeed, we will argue that the state lA"*", A~) 
corresponds simply to the highest weight of the A"*" representation of the algebra sl{N)f^-. 

In what follows we will prove these statements for the simplest cases N = 2 and = 3 
and then discuss the expected generalization to arbitrary N. In the remainder of this 
section, it will be convenient to label sl{N) highest weights by A^ — 1 Dynkin labels, which 
are related to the boxes in the Young diagram as rj — rj^i. We will denote the Dynkin 
labels of A^ by d^, so that 

3.1 = 2 case 

Let's consider first the pure Virasoro case N = 2. The charge h^~^^ is given by 

/i(-i) = -^dr(^r + 2) (3.8) 

where denotes the Dynkin label of A^. We saw in (2.33) that the representation built 
on (0, A~) has a null vector at level d^+l given by 

X,-_i + O(^))|0,A-). (3.9) 

As discussed in section 2.3, the leading part is linear in the generators while the suppressed 
terms contain composite operators. This leads us to introduce the following twisted wedge 
modes: 

d^ + 1 "^i+i 
F = — — L , 

H = -—^Lo (3.10) 

satisfying the sl{2) algebra under the Poisson brackets defined in (3.6), 

{E,F} = H 
{H, E} = 2E 

{H,F} = -2F (3.11) 
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Now let's discuss the transformation properties of the primaries |A^, A^) under 5/(2)^^-. 
The state |A+, A~) is clearly a highest weight state under sl{2)j^- and we can compute its 
weight: 

if|A+,A-) = (i+|A+,A-). (3.12) 

where df is the Dynkin label of A+. From this and (C.2) we see that |A+,A^) is the 
highest weight of the {df + l)-dimensional irreducible representation A+ under s/(2)^- 
obtained by repeatedly acting with F. An additional check that the representation is 
{df + l)-dimensional comes from the known large c limit of the null vector in the (A"*", A~) 
representation (2.33), which is precisely 

+ |A+,A-) ^ 0. (3.13) 

3.2 N = 3 case 

Now we turn to the case of the W3 algebra, = 3, and consider representations (A"*", A~) 
with A~ fixed. The leading pieces of the spin 2 and spin charges h and ^3 at large c, which 
determine the twisted wedge subalgebra, are 

f^i-i) ^ {dYf + {d^? + d^d^+3d^ + 3d^ 

72 ^ ' ^ 

(-1) _ - jd^ - d^ ){di + + + ^2 + 3) ^ ^ 



324V10 

We know from (2.19) that the representation (0, A~) contains two independent null states 
at levels 

d^" + 1 and + 1. (3.16) 

Furthermore, we expect from our discussion in section 2.3 that these null vectors are linear 
in the level d + 1 generators. Hence we make the following ansatz for the null vector at 
level d+l 

F |0, A-) ~ (W^d-i + a-d-iL-d-i) |0, A") , (3.17) 



The constant ct-d-i can be determined by requiring that the bracket of F and its BPZ 



conjugate ^ 



E^Wd+i + a^d~iLd+i (3.18) 



has no terms proportional to the central charge (just as the central charge terms vanished 
for the wedge algebra generators for A~ = 0). Having determined a-d-i, we find a set of 
generators satisfying the sl{3) Lie algebra commutation relations in the Chevalley basis as 

^Recall that the BPZ inner product is a bihnear form, so the BPZ conjugate flips the sign of mode 
indices without taking the complex conjugate of coefficients. 
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given in Appendix C: 



El = ^ =^+1 + / 

. 2d7 + (ig + 3 ~ V ^ T?. 



_ + + 3 - I yi w 

^1 - / ^-d--i + / ^- 

m\{d{ + 1) M\{d^ + 1) 



. 2d, + do + 3 ~ V ^ tJ. 

^2 = » S ' ^-^--1 + 1 _ ^^^--1 



(dr)^ - 2(^2 )^ - 2d^d^ - 6d^ - 3 - . [5 d^+2d^+3 ^~^ 
= ^'-l2 

H2 = Lo + j^, W, (3.19) 

where we used a shorthand notation for the factor 

M=^{d-{ + l)(d2 + ^){di + ds + 2) (3.20) 

Similarly to (3.11), one can check that these satisfy the correct sZ(3) commutation relations. 
To see how this s/(3)^- subalgebra acts on the (A+jA") representation of Wn , we act 
with the Cartan elements Hj on the highest weight state. We find that the eigenvalues are 
simply the Dynkin labels of the highest weight A"*": 

i/j|A+,A-) = d+|A+,A-). (3.21) 

This shows (see (C.2)) that acting on |A"'",A~) with twisted wedge subalgebra generates 
the A"*" representation of 5/(3)^^- in the large c limit. As in the N = 2 case, this would be 
consistent with large c behavior of null states in the (A"*", A~) representation, i.e. the null 
states in the large c limit become 

rf^^ \A-^,A-) r^O. (3.22) 

We have checked that this property holds for some simple (A+, A^) representations in table 
1 of Appendix D. 

3.3 Summary and expected generalization 

Let's summarize the results of the last subsections and indicate the general pattern which 
we expect to hold at all values of A^. From (2.19) we know that the (0, A~) Verma module 
contains — 1 null vectors at levels d J + 1 which we write as 

AAj(0,A") |0,A") , j = l...A-l (3.23) 
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We argued that the large c hmit 



= hm AA,(0,A") (3.24) 

c— s>oo 

is a hnear combination of the Wn generators. These hnear operators play the role of simple 
roots, and together with their BPZ conjugates Ej they generate the twisted wedge algebra 
sl{N)f^- at large c which annihilates |0, A~). 

Now let's consider representations (A+, A~) with A+ ^ 0. From (2.19) we know that 
they have — 1 independent null states occurring at levels {d^ + l){d~ + 1). We write 
them as 

AAj(A+,A-) |A+,A-) , j = l...N-l. (3.25) 

In the large c limit the operators A/^(A"^, A~) are no longer linear in the Wn generators. 
However, we found that they are simply powers of the linear operators Fj, namely 

lim A/',-(A+, A") = (Fift+^ . (3.26) 

The null state equations (3.25) just tell us that |A^, A^) is the highest weight state of the 
representation A"*" of sl{N)/^-. 

As we will see in section 5.2, these properties are rather manifest in the dual description 
of the theory, and hence the duality predicts them to hold for general N. We leave the 
CFT proof of these properties for general N for future work.® 

Having laid the CFT groundwork needed to establish the finer points of the semiclas- 
sical Wn duality, we switch gears and study the relevant Vasiliev theory in the bulk. 



4 3d Vasiliev theory at A = —N 

The proposed bulk dual to the 't Hooft limit of the Wm minimal models is Vasiliev gravity 
with gauge algebra hs[A]. If one thinks of the CFT semiclassical limit as an analytic 
continuation from the 't Hooft regime, this can be implemented by fixing N finite and taking 
k such that c goes off to infinity. Triality of the quantum Woo [lA algebra formally permits 
this continuation. Given that we have chosen the branch (2.7), under this continuation one 
has A — )• — A^: therefore, one should study the Vasiliev theory based on Lie algebra hs[— A^] 
for integer A^. 

As we will discuss below, this is essentially a theory of flat sl{N) connections - con- 
taining non-propagating higher spin degrees of freedom with s = 2,3, . . . , N - with matter 
couplings consistent with higher spin gauge invariance. It is important to stress that the 
Vasiliev theory at A = — A^ and sl{N) gravity are not equivalent, precisely because of the 
presence of other fields in the theory besides the flat connections. 

The main result of this section is to argue that the held equations for linearized matter 
perturbations around classical backgrounds make sense at A = — A^. While there are extra 

*As always, the results which we derived in this section in the holomorphic sector have an antiholomorphic 
counterpart, in particular there are additional antiholomorphic twisted wedge modes which generate a 
second symmetry algebra sl{N)^- at large c. 
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constraints on scalar fields relative to the case of non-integer A, their effect is to force the 
scalar into a non-unitary representation of the background isometry algebra. We propose 
to understand this holographically, via the corresponding non-unitarity on the boundary. 

We first review the basic skeleton of the Vasiliev theory for general values of A, at 
linearized order around flat background connections - where much is understood - and 
then specialize to A = —N. Our discussion draws on [13]. 

4.1 Basics of Vasiliev theory 

While the full 3d theory of higher spin gravity [8] involves various mathematical objects 
required to write down fully nonlinear, higher spin symmetric interactions among higher 
spin fields and matter, it is essentially a theory of two flat connections coupled (quite 
non- minimally) to matter. These connections are valued in the Lie algebra hs[A], with 
generators with integer spin (s > 2) and mode (|m| < s) indices. In this language 
the identity is taken to be Vq^, and the generators multiply via the associative 'lone star 
product' [36], 

s+t-\s-t\~l 

^^*K*=2 gi\m,n;X)V:,f-^ . (4.1) 

u=l,2,... 

where gf^{m,n; X) are structure constants defined in e.g [14, 20], where more hs[A] details 
are provided. The parameter A is an arbitrary number and parameterizes inequivalent 
algebras. 

For generic A, hs[A] contains only an sl{2) subalgebra, spanned by {V^^,V^^} which 
obey 

[V^,V^] = {m-n)V^^^ (4.2) 

The rest of the hs[A] generators can be built up from this s/(2) via a universal enveloping 
algebra construction [20] in which A parameterizes the quadratic Casimir of the sl{2) as 
C2 = |(A2 - 1); the objects ^ 

= (-l)-^-"(4g)-^ ^" + ^~V' k-i' • • • [^-1' [^-1' • (4-3) 



(2s -2)! 



s — l — n terms 



generate hs[A] © C, where C is the identity Vq (and g is a free normalization constant). 
It is easy to see that the structure constants will be polynomials in A^. Aside from integer 
A which we discuss at length below, the value A = 1/2 is special in that generators can be 
written as monomials in oscillators which multiply via the Moyal product. 
The flat hs[A] connections, then, obey the following equations: 

F = dA + AMrA = 

F = dA + AAi.A = 0. (4.4) 

In a Lorentzian theory, these are independent and the gauge algebra is hs[A]®hs[A]. One 
can consider the Euclidean theory, in which case it is natural to consider one complex 
connection valued in a complexified hs[A], which is what we do henceforth. 



^There is a second representation of hs[A] in which one removes the factor of (—1)" from the generators. 
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The matter is encoded in the 'master field' C, a spacetime 0-form valued in hs[A] © C, 
which obeys the elegant equation 

dC + Ai.C -Ci.A = (4.5) 

Satisfaction of this equation, together with (4.4), constitutes only part of a (perhaps lin- 
earized) solution to the Vasiliev theory which contains a third master field, but (4.5) is all 
one needs to describe the coupling of matter to the higher spin fields. 

The equations (4.4) and (4.5) are invariant under the finite gauge transformations 

A ir{A + d)i.g (4.6) 
A ^gi.(A + d)i^g-^ (4.7) 
C ^ g-^*Ci.T^ (4.8) 

To extract the physical content of these equations, we expand in hs[A] © C, 

oo 

s=l \m\<s 
oo 

s=2 \m\<s 
oo 

^ = E E ^nAxnv^ , (4.9) 

s=2 \m\<s 

and perform lone star products. The physical scalar field is the identity component of C: 

^ = C^{x'') (4.10) 
The higher spinorial components of C can be solved in terms of spacetime derivatives of 

Using this method, it is easily shown that one recovers the Klein-Gordon equation for 
a scalar in AdS, with mass = — 1 + A^. (We set the spacetime length scale to ^ = 1 
from now on.) In [13], this method was utilized to extract generalized wave equatons for 
scalar fields in higher spin backgrounds. In fact, one can obtain their solutions directly - 
bypassing the need to find the relevant equation in the first place - by making use of the 
gauge transformations (4.6). This approach was also recently used in [37] to compute bulk- 
boundary scalar propagators in higher spin spacetimes, including the higher spin black hole 
of the hs[A] theory [14]. 

For generic A, there is an infinite number of components {C^}, corresponding to the 
infinite dimensionality of hs[A]. The resulting wave equations for $ are free field equations 
for this reason. The situation changes at integer A = ±A^, where an ideal forms in hs[A] and 
one has the option to truncate the algebra to those generators with s < N. Our goal is to 
understand the extra constraints that come from having only a finite tower of components 
of C. 
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4.2 The special case A = ±N 

When A = itA^ for integer A^, the quadratic form on hs[A] becomes degenerate and the gen- 
erators with vanishing norm form an ideal. After quotienting by the ideal , the remaining 
generators form an sl{N) algebra, and, if we work in the A^-dimensional representation, 
the lone star product becomes the ordinary matrix product. We will specialize to the 
Euclidean theory, in which case the complexified hs[A] becomes, upon modding out by its 
ideal, sl{N,C). All of our results of the previous subsection hold upon making this ma- 
trix substitution: in particular, the sl{N,C) is generated by (4.3), and the field equations 
become ordinary matrix equations. The identity Vq^ becomes 

We now expand the master field C in generators'*^ only up to spin N: 

^=^Y.Y. c'rui^nv^. (4.12) 

s=l \m.\<s 

In other words, the master field C takes values in sl{N) © C: it is simply an arbitrary 
complex N X N matrix. It is straightforward to identify the physical scalar field as the 
ordinary trace of C : 

$ = tr(C) (4.13) 
We choose the Hermitian conjugation convention 

A = -A^ (4.14) 
The sl{N) generators obey the conjugation relation 

(y^)t = i-irVl^ (4.15) 
To return to the metric-like formulation, one can define the vielbein and spin connection 

e = ^iA + A^), ^ = l(A-^t). (4.16) 
and he metric can be written as 

Summarizing, in terms of vl, the field equations we will study henceforth are as 
follows: 

dA + AAA = (4.18) 
dA^-A^AA^ = (4.19) 
dC + AC + CA^ = (4.20) 



^"We note in passing that one need not mod out the ideal. See e.g. [7] for a recent discussion of one 
implication of this. In that case, one can still meaningfully expand C in an infinite number of components, 
and there is some indication that the components with s > N may hold some physical content. This has 
yet to be definitively understood. See [8] for original discussions of this issue. 
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with a gauge invariance (4.6), where A = —A^ and g = ■ 

Following previous work on the subject, we will choose a gauge in which the fields are 
independent of the radial coordinate. Labeling the radial coordinate r and the boundary 
lightcone coordinates {z,z) with z = (j) + He, we take 

A = b-\a + d)b, h = e'^S (4.21) 

which acts as b~^V^h = e^^'V^ on generators. For a translation invariant solution, a is a 
constant 1-form, hence the flatness condition is merely [0^,02] = 0. Flat connections (4.21) 
give rise, upon decomposing (4.20) along spacetime, to matter equations 

drC = -{Vi,C] (4.22) 
d,C = -{h-^a,h)C - C(6at6-i) (4.23) 
d^C = -{b'^a^b)C - C{balb-^) (4.24) 

We proceed to study these equations in AdS spacetimes, both global and Poincare. 
They will be shown to describe a Klein-Gordon scalar field with the expected mass = 
— 1 + A^^, subject to additional constraints that force it into a non-unitary highest weight 
representation of the AdS isometry algebra. Classification of these representations was 
recalled in [23] where scalar solutions in the bulk were shown to furnish such representations, 
and we will reproduce the results of [23] exactly. (See also [38].) 

Motivated by holographic correspondence with the semiclassical Wn CFT, we will 
focus on the scalar field in standard quantization, with chiral conformal weights 

h = h= . (4.25) 

As argued earlier, we want to take the branch A = —N, in which case these conformal 
weights become negative in the region of interest, N > 2. 

4.3 Scalars in global AdS 

The global AdS connection can be written as 

« = liVi + V-i)dz = aAdsdz (4.26) 

In this background, the matter equations reduce to 

drC = -{Vi,C] (4.27) 
d,C = -{b~'aAdsb)C (4.28) 
d,C = CibaAdsb-') (4.29) 

We will soon establish a nice way to solve these equations for all N, but first we treat a 
simpler example by brute force. Specializing to A = —2, this is sl{2,C) gravity coupled to 
matter in a specific way. Expanding C in components C\i, Cq}, one finds that <^ obeys 
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the Klein-Gordon equation along with constraints which give a four-parameter family of 
solutions: 

$ = aie5(^+^) sinh(r) + a2e"5(^+^) sinh(r) (4.30) 
+ a3e^(^~^) cosh(r) + a4e~^(^-^) cosh(r) (4.31) 

where the are constants. The components are linear in derivatives of e.g. Cq = 
-2dr^. 

These four solutions are, in fact, recognizable as those of the non-unitary (2,2) rep- 
resentaiton of the sl{2) x sl{2) isometry^-*^ of global AdS. It was established in [23] that 
solutions of the Klein-Gordon equation in global AdS furnish highest weight representations 
of this symmetry, filled out by acting on the highest weight state with differential operator 
representations of the symmetry generators. That this is true follows from the fundamental 
role of symmetry in AdS/CFT. Having taken A = —2, we have /i = /i = — ^; from [23] 
(see section 4.1 therein), this puts us in the (2+2)-dimensional, irreducible representation 
labeled ^(-5) x ^(-5). 

Let us elaborate on this after solving the scalar equations for arbitrary A^. We use 
a method which naturally organizes the representation theoretic content of the solutions. 
The global AdS connection (4.26) is diagonalizeable to a matrix D given by 

D = -idiag(/3,) = -iVo\ i = l,...,N. (4.32) 

A convenient choice for the similarity transformation which diagonalizes UAdS is 

M = e-x(^i^-vii). (4.33) 

using which one finds UAdS = M~^DM. Note that M'^ = M^^ . To solve the matter 
equations, we first construct solutions in this diagonal gauge and then transform back to 
the physical gauge. In the diagonal gauge, call the master field and the gauge field C and 
A, respectively. Then these two gauges are related by 

A = {Mh)-^{A + d){Mb) (4.34) 
C = {Mby^CMb"^ (4.35) 

The scalar equations in the diagonal gauge become simply 

d,C = iV^C (4.36) 
dsC = -iCV^. (4.37) 

There are A^^ independent solutions given by 

= e^(p>--P.-")e,j i,j = l,...,N. (4.38) 

'^"'^We work with the Euclidean theory, hence global AdS is invariant under the sl{N, C) global symmetry. 
However it will be useful to think in terms of left and right symmetry algebras; one should keep in mind 
that they are related by conjugation and form a single sl{N,C). 
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where eij are the standard basis N x N matrices: {eij)ki = ^ik^ji- Transforming back to 
the physical gauge and taking the trace we find A^^ hnearly independent solutions for <I>: 

. = e*(^»-^.-")p,^.(r) i, i = 1, . . . , iV (4.39) 
p^.{r) = (Me~'^^^oM-^) (4.40) 



We can work out the r-dependent part Pij{r) of the solution explicitly: 

P,,(p) = [Me-'^^SM-^)^^ = (e-(^^^+^-))^^. = (e^''^^)^^. (4.41) 

In the last step, we have used that the combination —iiVi + V^i)/2 can be seen as the 
sl{2) generator T2 in the A^-dimensional representation. Its exponential can be expressed 
in terms of Jacobi polynomials which gives (up to overall normalization), 

Pij{r) {sinYi r)\cosh. ry Pf"fl (cosh2r) (4.42) 

~ (sinhr)'(coshr)^-^-' 2F1 Q(/ + + 1 - TV), ^(Z - w + 1 - iV), Z + 1, tanhV 

where Pn"'^^ denote the Jacobi polynomials and uj, I denote the frequency and angular 
momentum: 

Lo = \N + 1- + (4.43) 
I = (4.44) 

These are the solutions of [23]. One can quickly check that this reproduces our results for 
iV = 2. 

We argued in the previous section that the global AdS background is invariant under 
(two copies of) an sI{N)q algebra of transformations, and hence the fluctuations of the 
scalar fleld should be organized into its irreducible representations. Let us start with the 
diagonally embedded s/(2)o € sI{N)q subalgebra. As we show in Appendix B.2 - and as 
we will discuss in more detail in section 5, when we put scalars atop surpluses - global AdS 
admits symmetries which, acting on scalar solutions reduces to the standard action of 
the Killing vectors of AdSa on scalars. The differential operators 

lo = id, (4.45) 

^±1 = ie^'" fcoth2ra, + ^^9,- ^ '-Or) (4.46) 
\^ smh 2r 2 J 

together with the Im obtained by complex conjugation, furnish a canonically normalized 
sl(2) X sl{2) algebra. 

The solution <I>ii has the lowest energy and is a highest weight state: 

where h = h = are the left and right excitation energies [23, 38]. It is manifestly 
primary, h^u = h^u = 0. This has the right properties to be identified with the primary 
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I/, 0) in the dual CFT. The other scalar solutions are related to the primary solution 
by repeatedly acting with the creation operators as = and have 

energies Iq = h + i — 1, Iq = h + j — 1: these are dual to the descendants of \ f, 0) filling out 
the non-unitary representation T>{h) x T){h). The property (/_i)^<I>ii = = 

corresponds to the large c behavior (3.22) of the null descendants in the dual theory, i.e. 
the representation is finite-dimensional. One can confirm that the sI{2)q Casimir takes the 
value 



{lof -\{lil-i + l-ih) 



^,^ = ^{N'-l)^,j (4.48) 



which implies that the scalars all have the expected mass, m? = — 1 -|- N'^. 

The entire preceding discussion - including the solution (4.47) and its descendants - 
matches the results of [23]. From a holographic viewpoint, the non-unitarity of the scalar 
representation reflects the non-unitarity in the proposed CFT dual to this theory. For 
N > 2 we can go further, by understanding how the scalar solutions transform under the 
full sl{N)o symmetry of the background. Since the s/(2)o subalgebra considered above is 
diagonally embedded and the solutions form an A^-dimensional representation of ,5/(2)0, the 
action of the sl{N)o generators can be constructed as elements of the enveloping algebra as 
in (4.3), with the spin-s generators acting as order s — 1 differential operators. The space of 
solutions transforms as a fundamental representation under this sI{N)q action, consistent 
with the properties of the (/, 0) representation in the dual CFT. 

Based on this evidence we conclude that the space of scalar single particle states in 
global AdS corresponds to the CFT primary | /, 0) and a subset of descendants which 
are obtained by acting with wedge modes. As we should expect from other studies of 
linearized scalar wave equations in 3d Vasiliev theory [11, 13, 37], this is determined by 
the hs[A] — )• sl{N,C) symmetry respected by the vacuum. 

In Appendix B, we provide explicit details on the constraints which force the scalar 
into the non-unitary representation, as well as a demonstration that this programme works 
in Poincare AdS equally well. 



5 Matching bulk solutions to CFT representations 

Having obtained an understanding of the boundary symmetries and bulk equations in AdS, 
we now make the central arguments for matching CFT representations in the large c limit 
with conical surpluses and scalar excitations thereof. We begin with a short review of the 
surplus solutions in the Vasiliev theory [21]. 

5.1 Review: smooth solutions on the solid cylinder 

To begin, we must review the standard boundary conditions on the gauge connections 
which define asymptotically AdS solutions. As shown in [18], these boundary conditions 
lead to a classical Wn algebra of asymptotic symmetries, which matches the symmetries 
of the proposed CFT dual at large c. 
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As explained in [18], after imposing AdS boundary conditions and fixing the so-called 
"highest weight" gauge, the allowed flat connections are of the form 

A = b-^a{z)bdz + b-^db b = e^'^o (5.1) 

N 1 
1 1 27]- OS— 1 

= 2^' + ^ ^ (5.2) 

s=2 ^ 

where the A^^ are suitably chosen normalization constants^^. 

We can expand the holomorphic functions Ws{z) in Fourier modes on the cylinder: 

1 ^/„.. c 



^^(^) = 2^ r " - 24'^^'2<o ) e-*"^ (5.3) 

The modes parameterize the classical phase space of the massless higher spin theory. 
Computing their Poisson brackets, one finds that the generate the classical limit of 
the Wn algebra (A.l) [18]. This computation will be reviewed in section 5.2 below. The 
modes are normalized as in (A.l) if we take the normalization constant q in (4.3) to be 

(5.4) 



V8(A2-4)' 

This is the value we adopt from now on. 

The conical surplus solutions constructed in [21] are smooth classical geometries which 
obey the boundary conditions (5.2), asymptotic to global AdS. These will act as the saddle 
points in the semiclassical expansion of the bulk path integral. The global AdS solution has 
the topology of a solid cylinder, with the Euclidean time running along the length of the 
cylinder; we fix this to be the topology of the 3-manifold on which the theory is defined, 
and our CFT lives on the boundary of the solid cylinder. Choosing again our complex 
coordinate to he z = (p + He, with 4> an angular coordinate with periodicity (p (p + 2tt, 
the i;^-circle is contractible in the bulk. 

We restrict attention to solutions which preserve time translation and rotational in- 
variance, which means that we look at connections of the form (5.1) with a{z) a constant 
Lie algebra element; in anticipation of the match to CFT representations, we call the z- 
component of these constant connections a^-. The requirement that the Chern-Simons 
gauge field is smooth imposes that its holonomy H along the contractible c^-cycle is a triv- 
ial element of the gauge group. In order to clarify what we mean by 'trivial', we have to 
be a bit more specific about the global structure of the gauge group. The group SL{N, C) 
has a Zjv center generated by elements of the form g^'^*'"/^! with m integer. As we can 
see from (4.6), the central elements act trivially on the gauge fields A, A and as well as on 
the matter field C. Therefore the actual gauge group is SL{N,C)/7j]\f- The condition of 
trivial holonomy then imposes 

H ~ e^^A- = e^^^'"/^! (5.5) 



'^^Our conventions follow [20], where Ns = jy(jv^^-i) ^^^~s+iVf^i-Th.e explicit expression is Ns 



(]v2_i)r(^+i) 
In particular, we have = — 1 



(1 — A'")s-i(l + N)s-\ where (a)„ = V{a + n)/V(a) is the ascending Pochhammer symbol. 



-26- 



This means that the eigenvalues of a^^- are imaginary, = —in^ with 

r\ = mi - rui £ Z; i = l,...,N. (5.6) 

The requirement that the sum of the n~ vanishes imposes that m = Y2j "^j • 

We have yet to impose the boundary conditions, which require that a^^- is of the form 

(5.2). As shown in [21], matrices of this form necessarily have eigenvalues which are all 

distinct. Without loss of generality, we can assume the n~, and hence also the nii, to form 

a strictly ordered set: rrii > 1712 > . . . > m]\f. We will now show that the information 

contained in the rrii encodes precisely an sl{N) Young diagram. 

Firstly, we see from (5.6) that the nii are only determined up to an overall shift 

nii ^ rrii + p, p £ Z. We use this freedom to fix m^v = 0. It is then easily seen that the 

numbers r~ defined by 

r- = mi-{N-i) (5.7) 

satisfy ^ ^2 ^ • • • ^ '"^v ~ ^' other words the r~ are in one-to-one correspondence 
with Young diagrams of sl(N). Substituting into (5.6) gives 

_ B- N + 1 . ^_ , 
™^ =r, -^ + —2 ' ^ ^ ^ 

where B~ = is the number of boxes in the Young diagram specified by the , A^ 

is the highest weight vector determined by the Young diagram and p is the Weyl vector 
(see (2.8), (2.9)). 

For example, for global AdS, a is given by aAdS = ^{^1 + ^-1) and the eigenvalues 

are 

_ N + 1 , , 

"^iAdS = ' = Pi (5-9) 

corresponding to the trivial sl{N) representation with = 0. 

As another example, consider the smooth solutions of the N = 2 theory. These are 
labeled by a single natural number rj~ and the eigenvalues are = (r^ + l)/2,n^ = 
— (rj~ -|- l)/2, corresponding to taking 

«A- = ^(i4' + (^r + i)V_\). (5.10) 

Computing the metric using (4.17) one finds 

ds^ = dr"^ + (r^ + if cosh^ rdtl + (r^ + 1)^ sinh^ rd^^. (5.11) 

When vanishes, the metric is smooth and represents global AdS. For nonzero rj~, the 
metric has a conical singularity at r = with opening angle 271 [r^ +1)) hence the name 
'conical surplus '.^'^ 

'^^Of the general smooth solutions under consideration, only a subset (namely the ones where the nonvan- 
ishing n~ come in opposite pairs) correspond to conical surplus metrics when written in a specific gauge [21]. 
Nevertheless we will be a bit imprecise in what follows and refer to all the smooth solutions as 'surpluses'. 
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The higher spin charges these surpluses are the coefficients in the expansion (5.2). 
By demanding smooth holonomy, these are fixed upon requiring that the matrix a\- in 
the highest weight gauge (5.2) has the same trace invariants as the diagonal matrix with 
eigenvalues —in^ . So far the general expression for the charges is not known but they can 
be easily computed recursively to arbitrary order. The first few charges are [21] 

^0 = -iV(ivJ3I)^^("-) ' 

= Cs{n~) , 

° iV(iV2 - l)ViV2 _4 ^ 

,i _ 2c / dip) 2 



where, as before, Cs{n) = ^ X^j(rei)*. Comparing to (2.28), (2.30) we see that these charges 
are consistent (upon choosing the branch \/4 — A^^ = W N"^ — 4) with the identification of 
the surpluses with CFT primaries of the form (A"*", A~) for some representation A"*". From 
the classical charges alone we cannot determine A"*", since we know from (2.28), (2.30) that 
for fixed A~ all primaries (A^, A^) have degenerate charges in the large c limit. However, 
we will argue in the next section from an analysis of the null vectors that the correct 
identification of the surpluses is with the primaries (0, A~). 

We conclude this section with an important remark. In Chern-Simons theories the 
gauge connection can always locally be written in a pure gauge form A = g~^dg. For the 
surplus solutions the gauge parameter is 

9A-=e"A-^ (5.13) 

The condition of trivial holonomy (5.5) actually ensures that the gauge parameter respects 
the (j) periodicity and is hence globally well-defined. The fact that surplus connections are 
pure gauge in the Chern-Simons sense will be useful later. We should keep in mind how- 
ever that the Chern-Simons gauge transformations which relate the various surpluses are 
large gauge transformations which act nontrivially on the boundary and relate inequivalent 
classical solutions with different charges. 

5.2 Boundary higher spin particles and symmetries 

Since the higher spin fields are described by flat gauge connections, all on-shell fluctuations 
of the higher spin fields are pure gauge. However, in the presence of a boundary, only the 
gauge parameters which fall off fast enough near the boundary should be regarded as 
true gauge transformations. Gauge parameters which act on the boundary but respect 
the boundary conditions (in our case, (5.2)) should be regarded as asymptotic symmetry 
transformations which relate inequivalent classical configurations. As already mentioned 
before, the corresponding conserved charges generate a classical Wn algebra under Poisson 
brackets, which we now review in some more detail. 

It will be convenient to work in the 'r- independent gauge' where the gauge connection 
is simply given hy A = a{z)dz. We can transform back to the r-dependent gauge (5.1) by 



-28- 



making a gauge transformation with parameter b = e'^^o . The parameters C generating 
asymptotic symmetries are determined by requiring that, for a in the highest weight gauge 
(5.2), the gauge-transformed connection = C' + [^^i C] is stih of the form (5.2). As shown 
in [18], for every spin s = 2,. . . ,N, there is a gauge parameter that depends on an 
arbitrary holomorphic function r]s(z) and is of the form 

6(z) = |^K'Li + ... (5.14) 

where + . . . stands for terms involving non- lowest weight generators of sl{N) with coef- 
ficients determined by ijs and its derivatives. A symmetry generator C is associated to a 
conserved charge Q[C] which generates the corresponding symmetry under Poisson brackets: 

Q[C]= / dzr]s{z)Ws{z) (5.15) 



Jo 

such that 

ScMCt]={Q[aQ[Cs]}PB. (5.16) 

We will denote by Cn the gauge parameters such that the associated charges are Q[Cn] = 
~ ^^s,2Sn,o- From (5.3) we see that these are obtained by taking rjg = e*"^. 
For example, the spin 2 and spin 3 gauge parameters are given by 




^{7WW3 + 2V3W^ + 8W24) - ^) ^-^2 + ■ • ■ (5.17) 

In the last line we have omitted terms involving sl{N) generators of spin 4 and higher, i.e. 
the expression is exact only for = 3. 

The stress tensor W2 and higher spin currents Ws transform under the the spin 2 and 
spin 3 transformations as 



/// 



5c^,Ws = sr^'^Ws + mW's s > 2 (5.18) 
= 3W^3??3 + 21^3773 

%VF3 = 4VF4% + 21^1% - ^{l^W!,r,l + 9r^'^W^ + 101^2% + 2^^^%) (5-19) 

+^T^.(iy..3)' + ^aV 

Converting to Poisson brackets using (5.16) and expanding in modes using (5.3) these 
transformations reduce to the classical limit of the commutation relations (A.l). 

So far we have, for a given background a, constructed a space of linearized fluctuations 
of the form (J^^a. To select which of these fluctuations represent single particle states, we 
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should identify a suitable subspace of 'positive frequency' solutions^^ or, in other words, 
choose a vacuum. The natural prescription from the point of view of the underlying Wn 
symmetry is to associate single particle states with the fluctuations with negative mode 
number, (^^^^o with n > 0. For s = 2 these are usually called boundary gravitons, and for 
general spin we will refer to them as boundary higher spin particles. 

The gauge field fluctuations 5(^s ^ a are generically linearly independent and hence rep- 
resent distinct single particle states. This is however not necessarily true when the back- 
ground has a symmetry. Indeed, a symmetry is by definition a gauge transformation which 
leaves the solution invariant. Expanding the corresponding gauge parameter in modes 
C^, we find a linear combination of fluctuations which vanishes. If the mode numbers in 
this combination are negative not all (^c^^^^a represent distinct boundary particles. It is 
intuitively clear that such classical symmetries in the bulk are closely related to the ap- 
pearance of null states in the Verma module in the dual CFT. For example, in the global 
AdS background it is easy to see that Cq, C±i generate symmetries i.e. the right-hand side 
of (5.19) vanishes. This simply reflects the sl{2) symmetry of the AdS background. Hence 
the fluctuation 5^2^aAds does not correspond to a boundary graviton. The corresponding 
CFT statement is that L_i|0) is a null state at large c. 

As a more nontrivial example, consider the surplus specified by A~ = / at general N . 
From (5.12) we find its classical charges 



a2 



C 



Wn 

° 27V2 24 



° 3V2iV3 

_/v^ - q 

= ^c. (5.20) 

Using these in the transformation rules (5.19), we can look for candidate symmetries of 
the background Qj\/ which are linear combinations of the spin-2 and spin-3 generators and 
satisfy Sc^j^W"^ = ^c^j^W^ = 0. One easily checks that such combinations exist at level one 
and two and are given by: 



WN^ - 4 
V2N 



Cat,! = ei + L.. C-i 



CM2 = C'2 '^^2=c\. (5.21) 

These combinations correspond precisely to the level one and two null states in the (0, /) 
representation of the CFT at large c, see (D.6), if we again choose the branch y/4 — N"^ = 
W -/V^ — 4. This suggests that the surplus specified by A~ = / should be identified with 
the (0, /) primary in the CFT. We will now generalize this observation to general surplus 
backgrounds by analyzing in detail the symmetries of the surplus backgrounds. Comparing 



^*In standard unitary quantum field theory this is achieved by selecting normalizeable, positive norm 
modes with respect to a canonical inner product. Even though a canonical inner product exists for higher 
spin fluctuations, see [33], we cannot apply this method here since we are considering a non-unitary theory. 
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these with the large c behavior of null states in the dual CFT we will show that the surplus 
specified by a general A~ should be identified with the (0, A~) primary in the CFT. 

A key point is that the surplus backgrounds possess a large group of classical sym- 
metries: each of them is invariant under an sl{N) algebra. This easy to see from the 
observation made at the end of section 5.1 that surplus backgrounds are globally pure 
gauge: they are gauge-equivalent to the trivial connection ^ = which is invariant un- 
der all constant sl{N) gauge transformations. Gauge transforming back to the highest 
weight gauge (5.2) one finds nonconstant gauge parameters which form an sl{N) and can 
be expressed as linear combinations of the asymptotic symmetry parameters Cm introduced 
above. We denote the symmetry group of the surplus o^- by sl{N)j^-, and we propose 
that the sl{N)/^- generators agree precisely with the twisted wedge modes in the CFT, 
discussed in section 3, which leave the CFT primary |0, A~) invariant in the large c limit. 
In particular, the A^ — 1 symmetry generators corresponding to the simple roots of sl{N)j^- 
correspond precisely to the large c limit of the operators which produce the independent 
null states when acting on the primary |0, A~) in the CFT (denoted by Fj in section 3). 

We will again show this in detail for the cases N = 2 and A^ = 3. For N = 2, one finds 
that the surplus specified by A~ is left invariant by the gauge transformations 



f 



1 ^ 
i 



r- + l^-{ri +1) 

h = -^^Ci (5.22) 
+ 1 

These correspond precisely to the twisted wedge modes in the CFT (3.11), with / corre- 
sponding to the operator that produces a null state when acting on the |0, A~) primary. 
For A^ = 3, one finds that a general surplus background is invariant under the gauge 
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transformations 

1 / 15 



ei 



MJr^ - r2 + 1 



' ' 5 ^3 . ^ ^- , g\/-2 



1 /l . . „ _ „^ .0 . /5 



-2 - ^ ^3 (2^r^2" - 2rr(rT + 3) + (rs-)^ + Gr^" - 3) Co' + 2^2rr - r^" + 3)Co' j 

(5.23) 

where M = \J (rg" + l)(rjf + 2)(r^ — + 1). These again correspond precisely to the 
twisted wedge modes in the CFT (3.19), where the simple roots /i and /2 correspond 
to the operators producing the independent null states at levels + 1 and — + 1 
respectively. 

For general N , it is rather involved to compute the precise combination of generators 
that produces a symmetry, but we can easily compute the z-frequencies of the symmetry 
parameters. These can then be compared to the energies of the null descendants in the 
dual CFT. Classical symmetries correspond to to solutions of the equation 

5(^a = C+ [a, C] = 0. (5.24) 

Recall that for the surplus backgrounds a is constant and diagonalizeable, say by a matrix 
M: 

aA-=M"UM, A = -iidiag(n5",...,n^), n~ = K' + ^ -i. (5.25) 

The solutions to (5.24) are as follows. There are — 1 constant solutions of the form 
C = M~^fiM where fi is diagonal and traceless. Furthermore we have N(N—1) nonconstant 
solutions 

= e^K"-"n-M-ie,,M i / j. (5.26) 

where eij are the standard basis oi N x N matrices: {eij)ki = SikSji. From this discussion 
we find symmetries with negative mode numbers at levels 

nr - nj = Ar - Aj + j - i i< j. (5.27) 
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For j = i + we find precisely the levels of the A^— 1 independent null vectors in the (0, A~) 
Verma module in the CFT (2.19). These correspond to the simple roots of the sl{N)j^- 
twisted wedge algebra. The remaining negative mode number symmetries 5.27 correspond 
to the remaining positive roots of the twisted wedge algebra, while the positive and zero 
mode number symmetries correspond to negative roots and Cartan elements respectively. 

To summarize this section, we have argued that the surplus solution specified by A~ 
is to be identified with the CFT primary |0, A~). Each surplus possesses an sl{N) algebra 
of symmetries which is to be identified with the twisted wedge algebra sl{N)/^- in the 
CFT. Note that we have focused again on the holomorphic sector; a similar derivation 
applies to the A gauge fields and shows that each surplus has an additional antiholomorphic 
sl{N) symmetry, which is to be identified with the antiholomorphic twisted wedge sl(N)j^- 
algebra in the CFT. 

5.3 Matter fluctuations around surpluses 

We will now study the fluctuations of the matter fleld C around the surplus backgrounds. 
We will flnd that the solutions transform in the fundamental representation of the sl{N)j^- 
symmetry of the surplus background parameterized by A^. In parallel with the vacuum 
case A~ = 0, this representation is comprised of the primary |/, A~) and a particular subset 
of descendants obtained by acting with the wedge modes of the sl{N)j^- with negative mode 
index. 

Again, we choose to work in the r-independent gauge introduced in section 5.2, where 
the connection is simply A = ap^-dz. In this gauge the matter equations are 

dzC = — a^-C 

dzC = -Ca!^-. (5.28) 

To compute the energy and spin 3 charge of a matter solution we should compute its 
infinitesimal gauge variation with parameter and Co respectively. Using (5.17) these are 
given by 

Co = o,h- 

Using the equations of motion (5.28), these can be converted to differential operators acting 
on the trace part <I>: 

i5(-2 idz = Iq 

The explicit solutions can be constructed in the same manner as the fluctuations 
around AdS. We first find the solutions in a gauge where the gauge field is diagonal and 
then transform back to the highest weight gauge (5.2) with connection o^- . Taking the 
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trace, this leads to N"^ solutions for the physical scalar which are, up to an inconsequential 
normalization constant, given simply by 

cPjj ~ e ^ ' ^ ' (5.31) 

Since the eigenvalues ^'^^ distinct, these solutions are linearly independent. Note that 
complex conjugation acts by exchanging i and j, i.e. = ^ji. 

Now let's compare the charges of the scalar solutions with those of CFT states. The 
energies and spin 3 charges of these solutions can be read off by applying the differential 
operators (5.30): 

^0 ■ 1>^, = (("D' - ^) (5.32) 

As was the case in the global AdS background, the state of lowest (left- and right-moving) 
energy is ^u- Comparing with (2.35), (2.36) we see that it has the correct charges to be 
identified with the primary |/, A~) in the CFT. We propose that the other solutions $jj 
are to be identified with a subset of descendants of the |/, A~), namely those obtained by 
acting with left- and right-moving twisted wedge modes. If this proposal is true, the A^^ 
scalar solutions should transform as an (N,N) representation of the sl{N)\- x sl{N)j^- 
symmetry of the background. We will now verify this property for the cases N = 2 and 
A = 3. 

For A = 2, there are four independent solutions i,j = 1,2. We would like to 
compute how they transform under the holomorphic sl{2)j^- gauge transformations (5.22) 
(and their antiholomorphic cousins s/(2)^_) which leave the surplus background invariant. 
To do this, we act with the gauge transformations (5.22) on the solutions in matrix 
form using the infinitesimal form of (4.6), and then take the trace to find the action on 
^ij. Doing this one finds that the ^ij are highest weight states, 6e^ij = while the <^2j 
are lowest weight states, 5f^2j = 0. The solutions transform into each other under sl{2)\^ 
as follows: 



The right-moving symmetries sZ(2)y^_ act in a similar manner on the on the column index j 
of ^ij. In other words, the solutions fill out a (2, 2) representation under the sl{2)f^- x 
sl{2)^- symmetry of the background, just like their CFT duals in our proposed dictionary. 

We can apply the same method to analyze the transformation of the scalar solutions 
in the A" = 3 case under the left-moving sl{3)\- symmetries (5.23). The solutions are 
highest weight states (Jei^ij = 6e2^ij = 0), while the solutions ^sj are lowest ((5/^$ij = 
(5^2 = 0) weight, and the solutions transform into each other as 
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( ] hi 

Combining with the similar result for the right-moving symmetries, we see that the scalar 
solutions indeed form a (3, 3) representation under the sZ(3)a- x s/(3)^_ symmetry of the 
background. 

5.4 Multiparticle states 

So far we have identified the CFT primary (0,A~) with the o^- surplus background and 
(/, A~) with a single particle scalar excitation in this surplus background. We will now 
argue that the remaining CFT primaries (A"*",A~) correspond to specific multiparticle 
excitations of the scalar field. We will do so by identifying their transformations under the 
sl{N)j^- X sl{N)^- symmetry which we have argued organizes the spectrum on both sides 
of the duality. 

We found that the single scalar excitation around the background transforms under 

sl{N)^- X sl{N)^- as 

(□,□) (5.33) 

where □ = /, the fundamental representation. Given the Bose statistics of the quantized 
field, the two particle-states transform under the symmetric square of this, 

©2 (□,□) = (m,m)e(B,B) (5-34) 
Similarly, the three-particle states transform under 

©3 (□, □) = rm) © (p, p) © (g, g) (5.35) 
In general, the decomposition of multiparticle states under sl{N) x sl{N) is given by 

©'=(□,□)= j;( A, A) (5.36) 

|A|=fc 

where the sum is over all Young diagrams of k boxes. 

We are thus led to the conclusion that bulk fc-particle states are associated to primaries 
with highest weight ( A^ , A~ ) with respect to both the holomorphic Wn and antiholomor- 
phic W]\f algebras, where A"*" has k boxes. 

It might be interesting to note that there is an analogous formula to (5.36) for anti- 
symmetric products (Fermi statistics). In that case, we have 

A^n,n)= ^(A,A') (5.37) 

|A|=fc 

where A' is the dual representation to A (with transposed Young diagram) . Here we would 
need to combine the chiral and antichiral Wn representations in a non-diagonal way. 
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6 Bulk partition function 



We are now ready to write down the bulk 1-loop partition function of the Vasiliev theory 
at A = —N. As we have argued, this partition function will receive contributions from each 
classical surplus saddle point labeled by A~. The partition function around each of these 
saddle points is a product of three contributions: a classical contribution from the energy of 
the surplus, a 1-loop contributions from the fluctuations of the higher spin gauge fields and 
another 1-loop contribution from the spin-0 fluctuations around the surplus background. 
Schematically we write 

Z,rav ^ ^ Z,,{A-)Ztloopi^~)Zr_t:^{A-). (6.1) 
A- 

The classical contribution can be read off from the energy of the surplus solutions in 
(5.12) 

2C2("~) 

Z,i{A-) = \q\ m^)". (6.2) 

The 1-loop contributions to the partition function count noninteracting single- and 
multiparticle states in the second-quantized theory around a given surplus background. Our 
strategy for counting multiparticle states will be as follows: from our discussion in sections 
5.2,5.3 we know the single particle spectrum and hence the single particle partition function. 
The multiparticle partition function can be computed from the standard expression for free 
Bose particles: 



Z = exp 



oo 

^ n 

.71=1 



(6.3) 



We will do this in turn for the higher spin gauge fields and the scalar field. 
6.1 Counting boundary higher spin particles 

Let us start with the simple example of pure gravity (A'^ = 2) around the global AdS 
background A~ = 0. We argued in section 5.2 that the single particle boundary gravitons 
correspond to the linearized fluctuations 6^2 QAdS for n > 2 (recall that C-i generates a 
symmetry and hence doesn't correspond to a boundary graviton). From this we find the 
single particle partition function 

Zi-part{q, q) = {q^ + q^+q^ + ...){f + f+(f + ...) = (6.4) 



Q\ 



and using (6.3) we obtain for the multiparticle partition function 



oo ^ 

n rr^^- (6-5) 



Z 

q 



This indeed agrees with the 1-loop gravity partition function in AdS background computed 
using heat kernel methods in [39]. 

We now return to the general case. The single particle states around a surplus back- 
ground are the linearized fluctuations S^^s ^a/^- ,n > modulo those combinations 
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which generate symmetries. We saw in (5.27) that the surplus background has N{N — 1)/2 
negative mode symmetry generators at levels n~ — nj with i > j. Including also the con- 
tribution from the antiholomorphic sector, we find for the single particle partition function 



l<i<j<N 

{N - l){q + f + f + ...)- ^ I (6.6) 

l<i<j<N 

and for the multiparticle partition function, using (6.3), 



As a check, we work this out for the global AdS background using (5.9) and find 

N oo 

1 

^ni2 • 



N oo 

ztioopio) = n n 



s=2 n=s 

This indeed reproduces the the known result for the 1-loop determinant for linearized higher 
spin fields of spins s = 2, 3, . . . in global AdS [10]. 

6.2 Counting scalar particles 

Now let's consider the 1-loop scalar partition function. We saw that there are A^ single 
particle states whose energies A/i, A/i are determined by the eigenvalues of the surplus 
connection and given by —n~. Hence the single particle contribution to the partition 
function is 

zriZda. q) = iQ-''^ + ■■■ + 'z-"-)(r"^" + • . • + 9-"-) (6.9) 

To compare with the CFT side, it's useful to rewrite this using the techniques from [9]. 
The single particle contribution can be written in terms of u{N) characters: 

ZrXt.i^,q)=trfUtrfU. (6.10) 

where U = e-27riTdiag(n rji^ include multiparticle states we can again use (6.3), leading 
to 



A+ 

= El^A+(-2^^rn-))|2. (g_ii) 



where, in the second step, we have made use of an identity derived in section 3 of [9] which 
reflects the representation-theoretical statement (5.36). 

Multiplying the contributions (6.2), (6.7), (6.11), we see that despite being somewhat 
crude in our methods, we reproduce the large c CFT partition function (2.26) almost 
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exactly. The bulk and CFT results differ by an overall factor ((75)^(^+1) ^ ' ' 24 ^ 
which we see from (2.29) represents precisely the 1-loop correction ^^q^^--) to the energy 
of the (0,A~) primary. This comes from backreaction of 0{c^) quanta; we worked on a 
fixed background, so its absence is unsurprising. It would be interesting to reproduce this 
correction from a careful treatment of the path integral over the higher spin fields. 



7 Discussion 



In this work we studied a specific corner of the duality between conformal field theories with 
extended Vl^-symmetry and higher spin gravity. In particular we compared the spectrum 
of Wat conformal field theories at large value of the central charge to that of semiclassical 
Vasiliev theory at A = —N. Despite this being a non- unitary corner of the duality, it is also 
a very tractable one due the fact that the Vasiliev theory reduces to an sl{N) Chern-Simons 
theory, and the linearized matter couplings are fixed by this symmetry. This tractability 
allowed us to explore some of the finer points of the AdS/CFT dictionary. 

One of these points is the precise identification of conical surplus solutions with CFT 
primaries. By a careful comparison of the classical symmetries in the bulk and the sym- 
metries which emerge in the large c limit of the CFT, we argued that the surpluses are to 
be identified with the (0, A~) states. 

Another point we addressed is the content of the equations for the matter field in the 
A = — Vasiliev theory. We showed that its equation of motion describes a discrete set of 
states, which transform in a non-unitary finite dimensional representation of the symmetry 
group of the background. By studying the symmetry properties of scalar solutions in the 
surplus backgrounds we argued that the single particle states of the matter field are to be 
identified with the primary |/, A~) and certain descendants. We also showed that more 
general primaries |A"'",A~) are correspond to multiparticle excitations of the matter field 
around a surplus background. 

This implies for example that the states of the form |A, A) are dual to a particular 
multiparticle state in a surplus background. These are the states which become light in 
the 't Hooft limit of the Wn minimal models, and have so far been poorly understood from 
the bulk point of view. It would be of great interest to understand how our dictionary for 
these states in our semiclassical regime carries over to the 't Hooft regime of the duality. 
Can it come to bear on the puzzles of [40], for example? 

The results on linearized scalar matter apply generally in the context of the bulk 
theory. An interesting open question is whether this matter field, despite the non-unitary 
constraints, can be used to understand this duality at the level of interactions and physical 
processes. For instance, one might ask whether we can probe higher spin backgrounds a 
la [37], for instance by placing a scalar in the higher spin black hole backgrounds of [41]. 
Along these lines, similar computations - the comparison of correlation functions, studying 
the contribution of higher spin black hole solutions to the thermal partition function, and 
so on - would help establish whether there exists a bona fide duality in the non-unitary 
regime. 
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Our analysis has also revealed an interesting structure in the large c limit of Wn 
CFTs, namely the existence, in each nonperturbative sector, of linear combinations of the 
Wat generators, the 'twisted wedge' modes, which form an sl{N) algebra at large c which 
organizes the spectrum in that sector. We verified these statements only of the simplest 
cases N = 2 and = 3, but the dual picture predicts them to generalize to all N as 
indicated in Section 3. It would therefore be interesting to have a CFT derivation of these 
properties. 

It would also be of interest to give a more rigorous path-integral derivation of the one- 
loop higher spin partition function around a surplus background, generalizing the derivation 
of [10] in AdS. This would be a main step toward a bulk derivation of the one loop shift 
^(oV-) energy of the surplus backgrounds which was not captured by our current 

computation. 
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A Low spin commutators of Wn 

The Wn commutation relations for some of the low spin modes are 
[Lm, Ln] = (m - n)Lm+n + ^m{m^ - l)5m-n 



[Lm, W^] = {{s - l)m - n) W^+^ , s>2 

[W^, W^] = 2(m - n)W^_^_^ + ^^"^ " ^^^^"'^ + - mn - 8) W„ 



where 




p 



X2l = + 



X21-1 = (/ + l)(2-0. 



(A.2) 
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B Details on scalar field equations 
B.l Constraints on scalar solutions 

Here we derive some constraints on the physical matter field ^ from the equations of motion 
(4.22). With a-z = 0, we find the following constraints: 

N 

Y[{dr + N + l-2j)^ = (B.l) 

N 

ll{d, + D,)<^ = (B.2) 
j=i 

N 

Hid, + D,)<^ = 0. (B.3) 
i=i 

Here we have assumed that a is diagonalizeable with eigenvalues Dj. 

To show the first property, note that (4.27) implies for the diagonal elements of C: 

{dr + N + I - 2j)Cjj (no sum). 

Hence the trace ^ = ^ Cjj must be annihilated by the product of the differential operators, 
leading to (B.l). 

To prove the second property, note that Az = {Mb)~^D{Mb), where M is the matrix 
that diagonalizes a and D = diag{Di, . . . , Dn). Plugging into (4.28) we see that C = 
{Mb)C{Mb)-^ satisfies 

{dz + Dj)Cjj (no sum). (B.4) 

Again the trace must be annihilated by the product of the differential operators, leading 
to (B.2). The third property is proved analogously, by considering C = {bM^)^^C{bM^). 

B.2 sl{2) action on scalar solutions in global AdS 

We first write the z and z equations of motion for the matter field C in the AdS background, 

dzC = {e''L+C + e"'-L^C) 

d-zC = ^ {e~''CL+ + e''CL_) (B.5) 
Taking the trace, this can be solved for trL-tC, 

Using this, we can write 

5i^^ = ^tr (-A(L±)C) = ^e±*^tr (^LqC - ^e^L+C + \e-'L^C 

= ( ±Ur + ^^a. + -^d^ $ (B.7) 
V 2 sinh2r sinh2r / ^ ^ 
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Hence the s/(2) transformations act on <^> as the standard Kilhng vectors of AdS: 

Iq = idz 

l±i = ie^'' fcoth2ra. + -^^d, ^ '-Or 
\ smh 2r 2 

The antiholomorphic generators Im are obtained by complex conjugation. 
B.3 A scalar in Poincare AdS 

We would like to put a scalar in Poincare AdS, with connection 

a = Vidz 



(Bi 



(B.9) 



Let us fix A = —2 for simplicity. Using the 'brute force 'approach of expanding C in 
components and solving the system of differential equations, one finds, as in global AdS, 
four independent solutions: 



$ = aie^(e + zz) + a2e^z + a^e^z + a^e^ 
One of them is a highest weight state, 

and the others are descendants obtained by acting with dz, (h- 

^> = $11 + aidz<^ii + a2dz'^u + asc^dz'^ii 



(B.IO) 



(B.ll) 



(B.12) 



In Poincare coordinates (in contrast to global coordinates), this is just the action of lowering 
operators: that is, /_ ~ dz,l- ~ dz, with li,l- each living in sl{2). So we again find a 
(2+2)-dimensional representation of sl{2) x sl{2). 

Taking into account a Lorentzian vs. Euclidean signature convention and coordinate 
differences, these results are precisely those in section 4.3 of [23]. For instance, the primary 
(B.ll) is given in their equation (79) where we recall h = —1/2 for our scalar field. (Note 



that rthe 



"here 



and zzthe 



ZZhere-) 



C Chevalley basis for the sl{3) Lie algebra 

In this appendix we summarize our choice of s/(3) basis and their commutation relations. In 
the fundamental representation, we have the following generators (in the Chevalley basis) 



El 



fo 10) 




fooo) 




A 





1 - 


10 


1 - 


0-10 






[oooj 




^0 


fooo) 




fooo) 




/oo 


1 









10 






^oioy 




^0 0-1 



(C.l) 



satisfying commutation relations 
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[Hi,Ei]—2Ei [H2tEi] — —Ei [Hi,E2] — —E2 [i/2 , -E'2] — 2£'2 
[Fi,Fi] = -2Fi [H2,F,] = Fi [Hi,F2] = F2 [i?2, i^2] = -2^2 
[Ei,Fi] = Hi [E2,F2]=H2 [Ei,F2]=0 [E2,Fi]=0 
[Ei,[EuE2]] = [E2,[E^,E2]] = [Fi,[Fi, F2]] = [F2, [Fi, F2]] = 
[HuH2]=0 

Of course, not all of these are independent, as we can see using the Jacobi identities. With 
this choice of generators, one can check that the action of the Cartan subalgebra generators 
Hj on the highest weight state of the representation A is 

Hj |A) = dj |A) (C.2) 

where dj = rj — rj+i are the Dynkin labels of A. 

D Null states 

Here we collect some explicit expressions for the null states of various (A"*", A~) represen- 
tations. 

Of all of the null vectors, only — 1 vectors are 'independent' in the sense that all the 
others appear as descendants of those. The independent null vectors appear at levels 

(A+ - A+^i + 1)(A- - A-^, + 1) j = 1, . . . , iV - 1. (D.l) 

For the vacuum representation A^ = A~ = 0, the — 1 independent null states all 
appear at level one and hence must be given by 

L_i|0), W^,\0), ...,T^^fi|0). (D.2) 

This implies the invariance of the vacuum under the wedge modes (2.15). 

The null vectors in the (/, 0) and (0, /) representations were worked out for general 
in [7]. Their charges are, from (2.11), (2.14) 



_ (A^- l)(2A^ + fc + l) _ {N - 1){2N + k + 1) {N - 2){3N + 2k + 2) 

" 2N{NTk) ' '^^^•(^•"^ " 3V2N{N + k) V N{N + m 



_ (Ar-l)A: _ {N-l)k l {N-2){N + 2k) 

Ho J) - 2N{N + k + iy ""^'^^'^^ - 3V2NiN + k + 1)^ Ni3N + 2k + 2)- ^^"^^ 

There are N — 2 independent null vectors at level one, given by 

^^l^=(wl,-'-^L^^)\x) s = 3,...,N, (D.4) 



and another independent null vector at level 2: 

3^3(2/1 + c) ^ 
/i(16/i2 + c(2/i + 1) - lO/i) (16/i2 + c(2/i + 1) - lO/i) 



(D.5) 
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The level one null vector Aff and level two null vector J\f2 of the (/, 0) and (0, /) 
representations become, in the large c limit: 

^1.(0,/) = {w'-i - ^^^^-1 + 10, /) 

AA,(o,/) = (ivS - + ^( Vc)) 10, /) 



N 

2(2 + N) ' 



A/'m/,o)= + J ofo /In -^-i + g^(Vc)l |/,0) 



■^2,(/,o) = (^W^i? + ^^^L^i + 0(l/c)j |/,0) (D.6) 

In principle, knowledge of the spectrum of null states is sufficient to write the desired 
character. For simple non-vacuum representations like (/, 0) and (0,/), for example, the 
reasoning around (2.17) also works, and the character is given simply by 

ch(/,o) = ch(o,o) X ^j— — (D.7) 

This result can be understood upon knowing that the (/, 0) representation has N — 2 
independent null vectors at level one, one independent null vector at level two, and counting 
their descendants. 

D.l Null states for = 3 in the large c limit 

It is useful to know some explicit expressions for the null states in the large c limit. For 
A'^ = 3 the results are summarized in table 1. We obtained these expressions by finding the 
null states for arbitrary c and taking the limit c — )• oo of the resulting expressions. Note 
the linearity in the generators of the null states for the (0, A^) representations. 



E Structure of = 3 Verma modules 

In this appendix we argue how the formula for the correction factor (2.17) for the vacuum 
character due to null states generalizes to arbitrary (A+,A^) representations. In general, 
(2.17) is replaced by a more complicated polynomial which encodes the structure of the 
(A"*", A~) Verma module. For the regime of interest (large and generic c) this structure was 
worked out in [29] which we will now review and motivate using examples. 

It is useful to first rederive (2.17) using a more involved method which however gen- 
eralizes to general representations. This consists of finding all Verma submodules and 
the pattern of inclusions between these submodules. As a warmup example, we do this 
explicitly for the (0, 0) and (/, 0) representations = 3. 
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rep 




level 


large c limit of null state 


(0,0) 






1 
1 




(/,o) 


-1 

i [2 
3 V 5 


2 • 1 

1 


vio 


L F2 


(0,/) 


c 1 16 
18 9 

i jl) „ 112i [2 
81 V 2 81 V 5 


2 
1 


^-2-lA/ii- 

y 2 


_2 ~ Fi 
1 ~ -F2 


(/,/) 


18 ^ 9 

i [h 13i [2 
81 V 2^ 81 V 5 


2 • 2 

1 




)'~(Fi)2 
1 ~ F2 


(/"/) 


18 ^ 9 

i H, 26v^j 
81 Y 2^- 81 


2 
2 • 1 


w^-2-fyii- 


^2 ~Fl 
' ~ (F2)2 


(0,0V) 


5c 1 89 
36 18 

7i /s" 919i 
I62V2'' 81v^ 


3 
1 


+ 3^^^- 


3 ^Fi 
1 ~ F2 



Table 1. Null states of some = 3 representations at large c. In the last column we indicated 
that the operators are proportional to powers of the twisted wedge modes defined in (3.19). 

E.l Vacuum module (0,0) 

We start from the highest weight vector 

|/i = 0,it; = 0) (E.l) 

Both of its descendants at level 1 are null primaries, 

The corresponding two null Verma submodules intersect at level 3 of the \h = = Q) 
Verma module. The intersection of these is a sum of another two Verma submodules 

Finally, these two Verma submodules intersect at level 4 of |/i = 0, tt; = 0) where there is the 
last null primary of |/i = 0, w = 0) Verma module. Diagramatically, we have the following 
structure of Verma submodules inclusions: 
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\h = 0,w = 0) 




h = A,w = 0) 



This should be compared to the numerator in the character formula which is now 

(l-g)2(l-g2) = i_2g + 2g3-g4 4) 

We first remove two Verma submodules at level 1. This, however, removed the level 3 
submodules twice so we should add them to compensate for this. Finally, we remove the 
Verma submodule at level 4 (which was so far twice removed and twice added) . 

We note that while this approach is guaranteed to give the correct answer, the direct 
connection between this and the factorized form of the correction - in which each term lies 
in one-to-one correspondence with generators of null states - is not completely self-evident. 

E.2 (/, 0) module 

Let us consider the structure of Verma module with the highest weight lA"*" = /, A~ = 0), 
still working in = 3. The structure of the submodules is similar to the case of vaccum 
module, but the Verma submodules appear at different levels. There are two submodules 
at level 1 and 2 of the highest weight Verma module. They intersect in sum of another 
two submodules at levels 4 and 5. Finally, there is a submodule at level 6 which is an 
intersection of these two submodules. The following diagram illustrates these embeddings: 
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fc+7 ^ ^ V2(fc+7)(2A:+ll) n 
3{fe+3)' 9(fc+3)^3(2A:+3)(2fc+ll) ' 



1/^ _ I 2 w- 5v^(fc+7)(4fc+13) \ |/^_ fc+7 11^^,- 4V2(2fc+5)(2fc+ll) 

' 3(fc+3) ' 9{fc+3)V3(2fc+3)(2fc+ll)' ' 3(fc+3) ' 9(fe+3)^3(2fc+3){2fc+ll) 




fc+7 I 5 - V2(7fc+25)(8fc+29) ^ ^ k+7 < j y. - 5V2(2fc+5)(7fc+25) . 

3(fc+3) ' 9{fc+3)^3(2fc+3)(2fc+ll)' ' 3(fc+3) ' 9(fc+3),/3(2fc+3){2fc+ll) ' 



|, ^ fc+7 I 6 u, = V2(7fc+25)(8fc+29) ^ 
I 3(fc+3) ' 9{fc+3)^3(2fc+3)(2fc+ll)' 

Again, the character formula is a direct consequence of this embedding pattern. In fact, 
the character is equal to 



which instructs us to take the Verma module corresponding to the highest weight, subtract 
the null submodules at level 1 and 2, add null submodules at level 4 and 5 (since they were 
subtacted twice) and finally subtract the submodule at level 6. This result factorizes and 
matches (D.7), given (E.4). 

E.3 (A+,A ) modules 

The above examples show that the (0, 0) and (/, 0) representations have the same structure 
of Verma module inclusions, with two null submodules at the highest level and 6 submodules 
in total (including the Verma module itself). In fact, all (A+, A~) representations for = 3 
have this structure. The underlying pattern is as follows. Turning now to general N, there 
will be in total A! Verma submodules which are in one-to-one correspondence with the 
elements of the Weyl group of sl(N). The null vector corresponding to the Weyl element 
w is labeled by 

(u7-A+,A-) (E.6) 

where 

w A = w{A + p) - p (E.7) 

is the shifted Weyl reflection. The embedding pattern of submodules depends only on A^ 
and not on the highest weights (A+,A~). In fact, it is determined by so called strong 
Bruhat order of elements of the Weyl group. 
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The — 1 simple Weyl reflections give rise to — 1 'independent' null vectors which 
have the property that all other null vectors are contained in their Verma modules. These 
independent null vectors appear at levels 

(A+ - + 1)(AT _ AT^i + 1) , j = 1, . . . , AT - 1. (E.8) 

From the point of view of relations between Wn, these null states correspond precisely to 
A^ — 1 independent additional relations between Wn generators that hold in the ( A+ , A~ ) 
representation apart from the commutation relations themselves. 

Factoring out the union of all the Verma submodules, we obtain the irreducible repre- 
sentation (A"*", A~). In terms of characters, this procedure leads to equation (2.20). 
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